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Abstract 



The aim of the paper is to extend the notion of a-geometry in the 
classical and in the noncommutative case by introducing a more general 
class of pull-back metrics and to give concrete formulas for the scalar 
curvature of these Riemannian manifolds. We introduce a more general 
class of pull-back metrics of the noncommutative state spaces, we pull 
back the Euclidean Riemannian metric of the space of self-adjoint matrices 
with functions which have an analytic extension to a neighborhood of the 
v>N ' interval ]0, 1[ and whose derivative are nowhere zero. We compute the 

f^ I scalar curvature in this setting, and as a corollary we have the scalar 

-^ ■ curvature of the classical probability space when it is endowed with such 

'■^ ' a general pull-back metric. In the noncommutative setting we consider 

real and complex state spaces too. We give a simplification of Gibilisco's 
r^ ■ and Isola's conjecture for the first nontrivial classical probability space 

and we present the result of a numerical computation which indicate that 
the conjecture may be true for the space of real and complex qubits. 

■ ^ . Introduction 

X, 

H , The idea that the space of probability distributions can be endowed with Rie- 

mannian metric is due to Rao [201) and it was developed by Cencov "S", Amari 
and Nagaoka QE] and Streater |23 among others. Cencov and Morozova JS] 
were the first to study the monotone metrics on classical statistical manifolds. 
They proved that such a metric is unique, up to normalization. The counter- 
part of this theorem in quantum setting was given by Petz J17j . who showed 
that monotone metrics can be labeled by special operator monotone functions. 
Some differential geometrical quantities were computed for these manifolds with 
monotone metrics, one of them is the scalar curvature [SJ El EI EI- The scalar 
curvature at every state measures the average statistical uncertainty of the state 
|l(illl8j . This is one of the basic ideas of Petz's conjecture D^, which is about the 
monotonicity of the scalar curvature with respect to the majorization relation 
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when the state space is endowed with the Kubo-Mori metric. This conjecture 
is stih unsolved, partial results can be found in [51 BII51 [TUl [T^ [TH] . 

Cencov introduced the a-connections and a-geometry on the space of clas- 
sical probability distributions 0, it was developed by Amari and Nagaoka |2], 
Gibilisco and Pistone jT2]. Gibilisco and Isola showed that the idea of Petz's 
conjecture can be extended to a-geometries. They also have another conjec- 
ture about the monotonicity of the scalar curvature when the classical and the 
noncommutative probability spaces are endowed with a-geometry [lOj . This 
conjecture was proved for the space of probability distributions on a set which 
consists of two elements. They used the classical curvature formula for this one 
dimensional manifold, since its scalar curvature is zero. 

The aim of the paper is to extend the notion of a-geometry in the classical 
and in the noncommutative case by introducing a more general class of pull-back 
metrics and to give concrete formulas for the scalar curvature of these Rieman- 
nian manifolds. The classical and noncommutative probability spaces are one 
codimensional submanifolds of flat spaces. We use a general formula from differ- 
ential geometry to compute the curvature of these one codimensional submani- 
folds. In the first section we do this computation for classical probability spaces 
when they are endowed with a special pull-back metric, with a-geometry. In 
the second section we introduce a more general class of pull-back metrics of the 
noncommutative state spaces, we pull back the Euclidean Riemannian metric of 
the space of self-adjoint matrices with functions which have analytic extension 
to a neighborhood of the interval ]0, 1[ and whose derivative are nowhere zero. 
We compute the scalar curvature in this setting, and as a corollary we have the 
scalar curvature of the classical probability space when it is endowed with such 
a general pull-back metric. In the noncommutative setting we consider real and 
complex state spaces too. We check the theorems in some special cases when 
the result is known from somewhere else, since the computation is a bit lengthy. 
Finally in the third section we give a simplification of the conjecture for the first 
nontrivial classical probability space and we present the result of a numerical 
computation which indicate that the conjecture may be true for the space of 
real and complex qubits. 



1 Classical a-geometries 

We work on a special classical statistical manifold, on the space of probability 
distributions on a finite set. 

Definition 1 For every number n G N"*" let Vn denote the open set of the 
probability distributions on a space which consists of n points, that is 

Vn^l{^u---,^n)eW" I Vfce{l,...,n}:i9fe>0, X^^fc = li. 

The majorization relation is one of the most important relation between 
probability distributions. 

Definition 2 The distribution a — (ai,...,a„) £ Vn is said to be majorized 
by the distribution b ~ (6i,...,6„) € Vn, denoted by a ^ b if the following 



inequalities hold for their decreasingly ordered set of parameters (aj)i=i_..._„ and 



1=1 1=1 



for all I < k < n. 



The intuitive meaning of the niajorization relation a < b is that the distri- 
bution a is more mixed or more chaotic than the distribution b. 

The tangent space of the Riemannian manifold (M, g) at a point p Cz M 
will be denoted by TpM, and the tangent bundle I J Tp M will be denoted by 

peM 
T M. The canonical Riemannian metric gc of the spaces M = ]R",]R" at every 
point p G M for every tangent vectors x,y £ Tp M is 



9c{p){x,y) = ^Xiy^ 



i=l 

The space Vn is a differentiable manifold and one can endow it with Riemannian 
metric in many ways, one family of these metrics is called a-geometry 

Definition 3 For every parameter a G K the a- geometry ofVn is the pull-back 
geometry of the Riemannian manifold {W^,gc) induced by the map 

I (logi?i,...,logz9„), if a = 1. 

This Riemannian space is denoted by {Vn,ga)- 

For further computations it will be useful to extend this Riemannian space 
to non-normalized distributions. 

Definition 4 The extended Riemannian space of {Vm9a) is (Vmga), where 
Vn — K" and the Riemannian metric g^ is the pull-back geometry of (W^^gc) 



metric induced by the map 






0„,„:75„^M" (^1,.. 


. , ^n) ^ < 


. (log^i,. 



if a^l 

,logi9„), if a = l. 

To simplify the notations we fix the parameter a 7^ 1, we denote the a- 
Riemannian metric with g, g and we set (3 = —a — 1. The space (Vmg) is a 
subspace of (7^„, g), and the metric g is the pull-back of 5 induced by the natural 
i : Vn -^ Vn embedding. At a point -d ~ (i^i, . . . ,i?„) G Vn the tangent space 
T-D Vn consists of the vectors of the form ai(9i + • • • + a„9„ and the Riemannian 
metric is gij = g{di, dj) = Sij'df . If 1? G 7^„ then Ti? Vn consists of those vectors 

n 

of the form aidi + • • • + a„9„ of Tij'Pn for which 2_^^k — 0. The equality 

fe=i 
9ij — 9ij holds for the metrics on the subspace Ti? Vn ■ 

To compute the scalar curvature of the space Vn it is convenient to consider 
it as a submanifold of Vn and to use the following theorem from differential 
geometry. 



Theorem 1 Assume that (M, 17) is an n dimensional submanifold of the n + 
1 dimensional Riemannian space {M,g), such that g is the pull-hack metric 
induced by the natural embedding M -^ M . The Levi-Civita covariant derivative 
of M is denoted by V and the Riemannian curvature tensor of M is denoted by 
R. The normal vector field of M is N : M ^ TM. For every tangent vector 
X,Y Cz T M let us define the following map. 

S{X,Y):M^R p^ -g{VxN,Y) (1) 

For every point p Cz M if {At)t=i....,n is an orthonormal basis in Tp M (that 
is g{At,As) = Sts) then the scalar curvature of M at a point p is given by the 
equation 

n 

Scal(p) = J2 9{R{At,As)As,At) + S{As,As)S{At,At) - S{At,As)S{As,At). 

t.s=l 

(2) 

The correspondence between the Levi-Civita covariant derivative Vg.Sj and 
ChristofFel symbol of the second kind F^ is given by the equation Vg.Sj = 

n 

y,^ij 9k- This symbol can be computed using the derivatives of the metric 

fc=i 

tensor gij and its inverse ^*^. The inverse of the metric tensor is g^^ = 5ijd~ . 

The ChristofFel symbol of the second kind of the space Vn is the following. 



n 
m— 1 

The space Vn is diffeomorphic to R" so for the curvature tensor _R^■■^ = holds. 
The normal vector field of the submanifold Vn is 



1 " 
N{d)^--Y,§-Pd,, where c(^) = 



E^^^ 



since 






1 "" 

^ ^ i—l 

~g{N,d, - dn) - ^(gcc^a^a,) -5(C^9„,a„)) = 0. 



The covariant derivative of the normal vector field at a the point {} E Vn is 



iVo^Nm . g v.. (^^.-^^^) -Ef^ [^f-.'j 9^ + ^'^^-'^Va.a, 



k=l 



P Q-/5-1 Q-/3 (^ r 0-/3-1 \ n , P 



E wSiJ".-'-'^.:' - ;:^4.^r-' * H- ^s„^i'-%. 






At the third equality in this computation we used the definition of the Christoffel 
symbol and Equation JSJ. For the tangent vectors di, dj the value of the function 
S is the following. 






^(9„9,) = -.g(Va.iV,a,) = -^^.,^7' " ^^r'^"'- (4) 



To compute the scalar curvature of the space Vn we use Equation ^. 
For every point i? G 7^„ if {At)t=i^....n-i is an orthonormal basis in Tij'Pn, 
(At)t=i,...,ra-i U A^(^) is an orthonormal basis in Tij'Pn- Since the space {Vmg) 
is flat and in the Equation (O the sum is independent from the orthonormal 
basis, we can compute the scalar curvature as 

n 

Scal(^) = Y. {S{Bs,Bs)S{Bt,Bt) - S{Bu B,)S{B,, Bt)) (5) 

n 

-2Y,{S{N{d),NmS{Bt,Bt) - S{Bt, N{d))S{N{d), Bt)), 
t=i 

where {Bt)t=i^...,n is an orthonormal basis in Tij Vn- For every § € Vn we have 

it means that in Equation jsj the second summation is 0. The set of vectors 
I? J ^ dt \ form an orthonormal basis in Tij Vn, therefore 

/ t=l,...,n 

71 

scai(79)= J2 ^7^s{ds,dsW^s{dt,dt)-^7''^;^s{dt,d,)s{ds,dt). 

Substituting Equation Q into the previous one after simplification we have the 
following theorem. 

Theorem 2 The scalar curvature of the space {Vn,ga) o,t a point i!} e Vn is 



where c(^) = 



\ 



k=l 



We proved this Theorem now just for the a ^ 1 case, but in the next section 
we show that this is true for the a = 1 case too, see Equation H12|) . 

One can check the previous theorem in two special cases easily. The pa- 
rameter a = — 1 corresponds to the case, when (t)a,n '■ Vn -^ R" is the natural 
embedding. In this case Vn is a part of an n — 1 dimensional hyperplane, so its 
scalar curvature is zero. At the parameter value a = the function 0q_„ maps 
Vn to the surface of the Euclidean ball with radius R = 2. In this case c{'d) = 1 
and the scalar curvature formula gives 



/ n n \ 

ScalW = 4 E (1 - '^^ - '^^) - E(l - 2i?0 = 

\t,s=l t=l / 



(n-l)(n-2) 

t=l / 

dim(7'„)(dim(7'„)-l) 



i?2 

which is just the scalar curvature of the dini(7'„) dimensional sphere with radius 
R. For arbitrary a if n — 2 then the scalar curvature formula gives 0, since the 
scalar curvature of a one dimensional manifold is 0. 

Finally we note that scalar curvature of the space (T's, ga) is a simple formula, 
which is an easy consequence of Theorem (jJl . 

Corollary 1 The scalar curvature of the space (7^3, 5q) at-d — ('i?i,'i?2j i^s) G ^3 
%s 



Scal(i?) 



(i??+i + ^2^' + ^3+') 



2 Pull-back geometry of the state space 

The quantum mechanical state space on a finite dimensional Hilbert-space 
is the set of real or complex, self adjoint, positive matrices with trace 1. To put 
differential geometrical structure to the state space is simpler if we consider the 
open set of positive definite states. 

Definition 5 For every n let us denote by Mn the set of positive states, that 
is 

Mn = {Dc Mn \ D^D*, D>0, TtD = 1}. 

Some concepts of the classical probability theory can be extended to the 
noncommutative case. One of them is the majorization relation. 

Definition 6 The state Di G M.n is said to be majorized by the state D2 G Mn, 
denoted by Di -< D2, if the relation ^i -< ^2 holds for their set of eigenvalues 
fii and fi2- 

In the classical case we have defined only a special kind of pull-back metrics, 
in that case the function was a power function or a logarithmic one. In this 
quantum setting we consider those / : ]0,1[ -^ K. functions, which have an 



analytic extension to a neighborhood of the interval ]0, 1[ and f'{x) ^ for 
every x € ]0, 1[. We call such functions admissible functions. The set of real or 
complex self-adjoint matrices will be denoted by M^, and geometrically it will 
be considered as a Riemannian space (R'^,gE), where ds, = ("~ H"+ ) for real 
matrices and dc = «.^ — 1 for complex ones and gE is the canonical Riemannian 
metric on M'^^- That is, at every point D G A^^f for every vectors X,Y € M'^n 
in the tangent space at D the metric is 

gE{D){X,Y) = TrXY. 

Definition 7 Assume that / : ]0, 1[ ^ K is an adm,issible function. The pull 
hack of the Riemannian metric (A4'^,gE) to the space A^„ induced by the m,ap 

0/,„ : Mn -> A^r D ^ f{D). 

is called the pull-back geometry of A4n cind it is denoted by gf . This Riemannian 
space will be denoted by {M.n,gf). 

The functions p-{/x if p 7^ and logx give back the a-geometries. Assume 
that there is a given function / : ]0, 1[ — *■ M which is twice continuously differen- 
tiable and f'{x) ^ for every x G ]0, 1[. We will denote the pull-back geometry 
with (A^njgr), this convention will not cause confusion since we fix the function 
/ for further computations. The computation of the scalar curvature is based 
on Theorem Q as in the classical case. If we restrict ourselves to the space of 
diagonal matrices and to the power or logarithmic functions then we get back 
the formulas of the previous section. 

Since the function / has an analytic extension to a neighborhood of the 
interval ]0, 1[ we have by the Riesz-Dunford operator calculus jZj for every D € 



f{D) = ^Jf{z)(zid-Dr'dz, 



7 

where id denotes the identity matrix and 7 is a smooth curve winding once 
around the spectrum of D counterclockwise. The derivative of / at D G Al„ 
for X ETd Mn is 

df{D){X)^^(ff(z){zid-D)-^X{zid-D)-^dz. 

7 

n 

Let D £ Mn and choose a basis of M" such that D = \^ \iEu is diago- 

i=l 

nal, where {Eij)Kij<n is the usual system of matrix units. Let us define the 
following self-adjoint matrices. 

F,j^E,j+Eji, l<i<.j<n; 

Hij = i Eij -iE.ji, I < i < j < n. 

The set of matrices {Fij)i<i<j<n U {Hij)i<,i^j<:n form a basis of Td A^n for 
complex matrices and {Fij)i<i<j<,n form a basis for real ones. 
Using the equation 

g{D){X,Y) - TT{df{D){X)df{D){Y)) 

for the pull-back metric we have the following theorem. 



Theorem 3 On the Riemannian space {M.n,gf) for a state D G Al„ choose a 

n 

basis ofM.^ where D — N^ KEu. Then we have for the metric 

r g{D){H,j,Hki)^S,kS,i2Mi^ 
if l<i<j<n,l<k<l<n: < g{D){F,j, Fki) = S,kSji2Mfj 

[ g{D){H,,,Fki)^0, 
if l<i<]<nA<k<n: g{D){H,j,Fkk) = g{D){F,j,Fkk) = 0, 

if l<i<n,l<k<n: g(D){Fu,Fkk) = 5,k^Ml, 



where 

( f(\:\ - f(\A 

tfk^X 



/(AQ - /(A,) 
M„ - < A,; - A, '^ ''' ^ ''' 



/'(A.) J/A, -A,. 

The ChristofFel symbol can be computed from the derivative of the Rieman- 
nian metric 

g{D){TiD){X,Y),Z) = ^{dg{D)iX)iY,Z)+dg{D)iY){X,Z)-dg{D){X,Y)). 

Since the derivative of the Riemannian metric is 

dgiD){Z)iX,Y) =. Tr{d^fiD){Z)iX)dfiD)iY)+df{D)iX)d'fiD)iZ)iY)) 
we have the following expression for the Christoffel symbol 

r(D){X,Y) = {df(D))-Hd\f(D){X,Y))- 

From the Riesz-Dunford operator calculus the second derivative of the matrix- 
valued function / is 

d^f{D){E,j){Eki) - SjkMujEu + 5uMk,^EkJ, 

where 



27ri/ (z - \i){z - Xj){z - Afe) 



-^yfc = TT^ f 7 rrr^ — ttt r^ d z. 



Combining these results together the Christoffel symbol is the following. 

i (V)(Hij)(Hki) - -i'iiOjk^-f tkjda—- h t'ikOji— h tijdik—— 

Mil Mjk Mik Mij 

T^/riN/TT \/T^ \ Tj r Milk , „ e ^^y*: , TT c ^ife( , „ r ^^ij! 
i {U){Hij){tkl) - Hiidjk-rj h tLkjOii—- h tLikdji-— h liljO^k^rj— 

Mil Mjk Mik Mij 

The normal vector field of the submanifold Al„ is 
1 



NiD)^-—ir{D))-\ where ciD) ^ ,/T^ifiD))^ (8) 

c{D) 



since 



1 " / 1 



1 



g{D){N{D),N{D)) = -—. > g{D) —Eu,—^E,, = 1 



1 .„./!„ 1 



jj 



5(i?)(iV(i^), S,, - S„„) = -^giD) {J^E,^ - J^Enn,Eu ~ Enn ] = 0. 



In this setting the definition of the map S, see Equation (^, is 

S{D){X^Y) = -g{D){V{D){X){N),Y) (9) 

and now we compute this function. First we note that 

T{D){X){N) = dN{D){X) + V{D){X){N{D)). (10) 

Using the h = (/')^^ notation the normal vector field is 

and its derivative is 

dNiD)iX) = -\- ^-—^TT{dh{D){X))h{D) + —2==dh{D){X). 

With the function 4'{D) = D^^ we have h = (p o f so the derivative of h is 

dh{D){X) ^ dcP{f{D)){dr{D){X)). 
From the Riesz-Dunford operator calculus we have 

7 

and the derivative of this function is 

df'{D){X) = ^//W ((^ - D)-'X{z - D)-' + (z - D)-'Xiz - D)-')dz. 

7 

It can be explicitly evaluated on the matrix elements 

df{D){F,,) = (A% + Afy,)Fy, df'{D){H,j) = {Mu, + M,jj)H,j. 

The derivative of the function cf) is 

d(j){D){X) = -D-'^XD-^ - D-^XD-^ 

so the derivative of the function h is 

dh{D){E,,) = - (/'(i?))-2(A% + Nh,,)E,,{nD))-^ 
- (/'p))-i(A% + M,,,)E,,ifiD))-' 



Since 

TrdhiD){E,,)=-4S,,^ 

a 
we have the covariant derivative of the normal vector field 



dN{U}{H,j} - -777^ J72ir?2 ^y- 



This is the first term in the Equation H10|l . To get the second term it is enough to 
substitute the Equation of the normal vector field ((HJ into the explicit formulas 
for the Christoffel symbol, into the Equation lUJ). 



ij 



riDm)(NiDn^^>^^^j^)F. 



nnm.mm^^tj^ + jjr^-}". 



These formulas can be rewritten as 



T{D)iF,,)iN) = S,,-—-§if'iD))-^ + -—P^,F,, 



where 

The functions M and p can be expressed in terms of eigenvalues of the state D 
and the function /. 

/(A.) -/(A,) r(A,-) 



^«jj 



Py 



2/"(A.) if A, = A, 



/'(A.)/'(A,) fih) - /(A,) 

r(A.) 



if Aj = Aj 



After computing the terms in Equation 1)10(1 and substituting in into Equa- 
tion @ we have the function S. 



/2. 

If 1 < i < J < n, 1 < fc < ; < n : <( S{D){F,j,Fki) = - Jjy^^fc'^jiP^jM^' 



S{D)iH,,,Hki) = -^S,kS,ip^,Aq 
^^ikSjiPijMfj 
SiD)iH,,,Fki)^0. 
Iil<^<^<nl<k<n■ I S{D){H,,,F,,) = S{D){F,,,H,,) ^ 

Ifl<.<n,l<.<n: SiD)iF..,F.^ ^ --^^^ -^S..^. 



10 



The basis of the scalar curvature computation is Equation (j^J , where sum- 
mation runs on an orthonormal basis of the tangent space of the submanifold. 
Fortunately it is no matter if we add the normal vector field to this summation 
or not, as in the classical case, its summand is since 

SiD){F,j,NiD))^0, 
S{D){H,,,NiD))^0 



5(7^)(^„,iV(i^)) = ^f:-^(^)(^"'^-) 



M2 



M„ 



c{DY Ml 



E 

.k=l 



c{DYMl, 



0, 



1 1 

S{D){N{D),N{D)) = ^-^ Y. jjTS{D){Fkk,N{D)) = 0. 



k=l 



kk 



It means that at a given point D G A^„ for an orthonormal basis {At)tei in 
T_D Mn the scalar curvature is 

Scal{D)= J2 S{As,A,)S{At,At)^S{At,A,)S{As,At). 
At a point D E Ain the set of matrices 

r^ „1 , ,f 1 



12M„ 



l<j<n 



u 



V2M, 



-F,, 



u 



l<'i<j<n 



V2A'U 



-H., 



l<i<j<n 



form an orthonormal basis in T_d ■Mn in the case of complex matrices. It means 
that we have three kinds of basis elements: diagonal, off-diagonal real and off- 
diagonal complex ones. 

First we consider the case when both At and As are diagonal. 



Xi 



E 



i,k=l 



S{D){7;^F,^,7^F,^]S{D) 



1 



1 



1_ y^ 64M„;,Mfcfcfc \ / 1 



"kk 



16 



:,fc=i 
1 



2Mu'"'2Mkk 

64M,uMkkk 
ciDYMlMl^ 

1 



2Mkk 
1 



F, 



kk 



2Mkk' 

1 



'2A'L 



-Fr, 



c{DY Mi 



E 



MiiiMkkk 



<DY fj-, MlMl 



kk 



c{DY Ml 
1 1 

'<m^Wk^ 

1 



1 



c{D?Ml, 



kk 



ciDfMl c{DYMl^ 



11 



X2 



If At is diagonal and As is off-diagonal real matrices then we have 
S{D) 



l<i<j<r. 
l<k<n 



E 

l<k<r 

-SiD) 
1 " 

4i: 



^*J' /?: , ^ij ^(D) ( Tl^TT — -^fefc' TTTT — ^kk 



y2M„- ^ ' \/2M,. 



\2Mkk '2Mfcfc 



1 



--Pfcfc 



2Mfcfc ' V2M, 



Fy S'(£') 777,, PijiT^in — ^kk 



IGMkkk 



1 1 



8^^c(D)2M4V c(D)2M4 



x:^(i- 



V2M,, 

E 



2Mkk 
-Pij 



c{DY 



Lfe=l 



M, 



kk 



c{D?Ml^ 



E ^y 

. l<i<j<n 



If At is diagonal and As is off-diagonal complex matrix then because of the 
equation S{Fij,Fji) = S{Hij,Hij) the summation will be equal to X2- If At is 
off-diagonal real matrix and Ag is diagonal one, then because the summation is 
symmetric the result will be X2 again. 

If both At and As are off-diagonal real matrices then the summation is the 
following. 



X3, 



E 

<k<i< 
-SiD) 



l<i<j<77 

l<k<l<r. 



S{D) 



1 



-F, 



V2M„ ■" V2M, 



^ F,As{D)(^^Fki, 



1 „ 1 



1 



V2Mki ' V2M, 



-F, 



kl 



kl 



-Fkl, ■ 



V2Mfcr"' V2M,/'' 



F,, S{D) 



-F- 



V2M,/'" V2Mfc, 



Fkl 



1 ^ _^ 



l<i<j<n ^3 kl \ \ J 

l<k<L<n 

1 



Ml—-pkiMli - 5,k6ji^^-^plMf 



c{D) 



2 l^tJ^'-'-iJ 



3<„ 
l<k<l<n 



c{DY ^ 
^ ' i<i< 

1 



^ {p^Pki-kk^flP%) 



c{Df 



E 



Pt] 



E 



c(L>)2 ^ 

l<i<j<n / ^ ' \<i<i<n 



2 
P^, 



If both ylt and As are off-diagonal matrices, but At is real and Ag is a 
complex one then 



1 



-H;,, 



V2M,/ '" V2A/fy 



0:4= ^ S{D) 

l<i<j<n 

l<fc</<Tl 

1 Y^ 1 ( 2 2 



^ i7.,)^p)^ ^ 



-^fci, 



1 



^ i/,, I 5(i?) I -^—H, 



1 



F, 



fci 



V2M,/"" V2Mfci 



-Ffez 



4 ^^ Mf-M^ Icfl)) 

l<i<j<n *J kl \ \ / 

l<k<l<n 



c{D) 



PkiM^i = 



1 



cP)2 ^ 



E 



PijPkl- 



<i<j<n 

l<fc<!<71 
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If At is an ofF-diagonal complex matrix, and Ag is a diagonal one or off- 
diagonal real one then result of the summation is equal to X2 and X4. Finally, if 
both At and As are off-diagonal complex matrices then because of the equation 
S{Fij, Fji) = S{Hij, Hij) the summation is equal to 2:3. 

The classical state space Pn corresponds to the case, when Al„ consists of 
only diagonal elements, that is, the scalar curvature of this space is xi. If Mn 
contains only real elements, then the scalar curvature is xi + 2x2 + 2:3, and in the 
complex case the curvature is a;i+4a:;2 + 2a:;3 + 2a;4. Combining the computations 
we have the following theorem. 

Theorem 4 The scalar curvature of the real and complex state space {M.m9f) 
for an admissible function f at a point D G M.n with eigenvalues {\i)i=i^...^n is 



Scal{D)i 



c{DY 



EMiiiMkkk I /,^n2 



-^. MfMu 



1 

M2 



ML 



(11) 



n^U^f- ' 



\k=l 
1 



Mlk 




c{Df 



l<'i<j<n 



E 



c(D)2 ^ "^'3 
^ ' l<i<j<n 



Scal(D)t 



ciDY 






E 



c{DY 



1 



Mlk 



-At^[<Df 



.k=l ^"^ 




ML 



c{Df 



E P':i 



E 



Pu^ 



l<i<j<n 



where 



Mu = f'i\^), M,u = 



/"(A. 



■, c{D) = 



f'{K)-n\j) 



Pi] = 



/'(A,)/'(A,) /(A.) - /(A,) 
/"(Ai) 



if \i ^ Xj 



if Xi — Xj 



We can test the theorem in three different cases. As it was mentioned, if we 
restrict ourselves to the functions of the form f{x) = jzr^x^i~ and to diagonal 
matrices, then we get back the scalar curvature of the classical a-geometry. Let 
D G A4n be a diagonal state and denote by d the diagonal elements of D. In 
this case c{D) — c{'d) and the term xi is 



Xl 



■^ MiiiMkkk , , 



c{Dy ^^^ Mf^Ml, 



1 



1 



c{DfMl ciDfMl, 
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4 A rmn^k) ( 1 


1 




cW2/'(^fc)2 


i^k 





which is equal to Equation ©. If the function is /(a;) = logx then 



--^.E^^^^(i-^) (12) 



,fc=i 



which is equal to Equation © if a = 1 . 

If we consider the full real or complex state space M.n and the function is 
f{x) — 2y/x then the pull-back metric is the Wigner-Yanase metric |22, as this 
has been proved by Gibilisco and Isola ^J . In this case we map the state space 
to the surface of an Euclidean ball with radius R = 2. For a given state D G A4n 
with eigenvalues (Ai, . . . , A„) we have c(D) = 1 and pij — ^. The terms x in 
the scalar curvature formula are the following. 



^k 



X2 



X3 



Xi 




The scalar curvature of the real and complex state spaces are 

d^id^ - 1) 



ScalR(I?) — xi+ 2^2 + ^3 

Scale (£>) = xi + 4x2 + 2x3 + 2x4 



i?2 

dcjdc - 1) 

^2 



which are just the well-known scalar curvatures of the Euclidean spheres in 
dimensions cJr and dc with radius R. 

Finally if we use the /(x) — x function, then we map the state space into the 
flat Euclidean space, so the scalar curvature is 0, and we have the same result 
from Equation Ullfl . 

The scalar curvature formula can be simplified, if we consider only 2x2 
density matrices. In this case xi = and X3 = and the X2, X4 terms are given 
in the following Corollary. 
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Corollary 2 The scalar curvature of the real and complex state space (Al2,.9/) 
for an admissible function f at a point D G A^2 with eigenvalues Ai and A2 are 

Scal(D)R = 2x2 Scal(L')c = 4x2 + 2x4, 

where 

/'(Ai)/'(A2) fnXi) , /"(A2)V/'(Ai)-/'(A2) 

X2 - 



(/'(Ai)2 + /'(A2)2fV/'(Ai) /'(A2); /(Ai)-/(A2) 
1 //'(Ai)-/'(A2)- " 



""^ /'(Ai)2 + /'(A2)2 V/(Ai)-/(A2) 

3 Monotone scalar curvatures 

Now we can formalize Petz's conjecture ^Hl- The scalar curvature of the 
space (Mn, 5km) is monotonously decreasing with respect the majorization rela- 
tion, that is for every states Di, D2 G Mn if £*! -< £'2 then Scal(_Di) > Scal(Z32)- 

The corresponding conjecture to the case of a-geometries is due to Gibilisco 
and Isola ^^: On the spaces {Vmga) and (A^mffa) the scalar curvature is 
monotonously increasing, with respect to the majorization relation if a S ] — 1, 0[ 
and it is monotonously decreasing if a G ]0, 1[. They proved a similar statement 
for the curvature of the space (7^2, 5q)- 

A linear map T on R" is a T-transform if there exists < t < 1 and indices 
k, I such that r(xi, . . . , a;„) is equal to 

(xi,. .. ,Xfc_i,tefc + (t- l)xi,Xfc+i,. .. ,Xi_i,(l ~t)xk +ix;,x;+i,. ..,x„). 

For every a G Vn and for every T transform T{a) -< a. For given a,b d Vn if 
a ^ b, then we can go continuously from a to 6 using only T-transformations 
m- 

Theorem 5 Assume that we have a,b ^ Vn with decreasingly ordered elements 
(ai, . . . , On) and (5i, . . . , 6„). The following statements are equivalent. 

1. The distribution a is more mixed than b. 

2. One can find a sequence {cz)z=i,...,d between them such that for all z — 

l,...,fJ. C^G/n? 

a = ci ^ C2 ^ ■ ■ ■ ^ Cd = b 
holds and the set of values of Cz and Cz-i is the same except two elements. 

3. The set (ai, . . . , a„) can be obtained from (61, ... , 6„) by a finite number 
of T-transforms. 

According to this Theorem in order to prove the monotonicity of the scalar 
curvature with respect to the majorization, it is enough to consider those dis- 
tributions which have only two different elements. For example if we consider 
the space (7^3, 5a) and we combine the previous Theorem with Corollary Q we 
have the following simplification for the conjecture. 
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Corollary 3 To prove Gibilisco's and Isola's Conjecture for the space {V3,ga) 
it is enough to show that for every distribution {01,02,0,3) G V3 if Oi > 02 then 
the function 



ai ~ 02 



(ai-x)"(a2 + a;)" 



is decreasing if a dz 



((ai -a;)"+i + {02 + x)°'+'^ 
4,0[ and increasing if a (z ]0,l[. 



i + l\2 



If we consider the space (A^2,5a) we can compute the scalar curvature ac- 
cording to Corollary ^. We write the eigenvalues of a state D G A^2 as 

r -\- 1 r — 1 

and , where r is the interval ]0, 1[. Using this parameter, for states 

Di,D2 G M.2 the relation Di -< D2 holds if and only if ri < r2. Numerically we 
computed the scalar curvature of the state space (A42,ffa) using Maple. The 
scalar curvature of the real state space can be seen on the following graphs. 



Seal 




Seal 




It seems that the scalar curvature is increasing with respect to the majorization 
if a e ] — 1, 0[ and decreasing for parameters a € ]0, 1[. 

The following graphs are about the scalar curvature of the complex state 
space {M2,ga)- 



Seal 




Seal 




-0.8 



We can check again that the foreseen properties of the scalar curvature function 
seems to be true. 



Acknowledgements 

This work was supported by Hungarian Scientific Research Fund (OTKA) 
contract T046599, T43242, TS049835, and EU Network " QP- Apphcations" con- 
tract number HPRN-CT-2002-00729. 



16 



References 

[1] S. Amari, Differential- geometrical methods in statistics^ Lecture Notes in 
Statistics 28, Springer- Verlag, Berlin-New York, 1985. 

[2] S. Amari, H. Nagaoka, Methods of information geometry^ Translations of 
Mathematical Monographs 191, American Mathematical Society, Provi- 
dence, R.I. (2000). 

[3] A. Andai, Monotone Riemannian metrics on density matrices with non- 
monotone scalar curvature, J. Math. Phys. 44 (2003), 3675-3688. 

[4] A. Andai, On the monotonicity conjecture for the curvature of the Kubo- 



Mori metric, preprint, arXiv:math-ph/0310064i?l (2003). 



[5] R. Bhatia, Matrix analysis, Graduate Texts in Mathematics 169, Springer- 
Verlag, New York (1997). 

[6] N. N. Cencov, Statistical decision rules and optimal inference. Translations 
of Mathematical Monographs 53, American Mathematical Society, Provi- 
dence, R.I. (1982). 

[7] J. Conway, A Course in Functional Analysis, Graduate Texts in Mathe- 
matics 96, Springer- Verlag, New York (1990). 

[8] J. Dittmann, On the curvature of monotone metrics and a conjecture con- 
cerning the Kuho-Mori metric. Linear Algebra Appl. 315 (2000), 83-112. 

[9] J. Dittmann, On the Riemannian geometry of finite dimensional mixed 
states, Sem. Sophus Lie 3 (1993), 73-87. 

[10] P. Gibilisco, T. Isola, On the monotonicity of scalar curvature in classical 
and quantum information geometry J. Math. Phys. 46 (2005), 023501- 
14pp. 

[11] P. Gibisco, T. Isola, A characterization of Wigner-Yanase skew information 
among statistically monotone metrics. Infinite Dimensional Anal. Quantum 
Probab. Related Topics 4 (2001), 553-557. 

[12] P. Gibilisco, G. Pistone, Analytical and geometrical properties of statistical 
connections in information geometry, in A. Beghi et al., editors. Mathemat- 
ical Theory of Networks and Systems, II Poigrafo, Padove (1999), 881-914. 

[13] F. Hiai, D. Petz, G. Toth, Curvature in the geometry of canonical correla- 
tion, Studia Sci. Math. Hungar. 32 (1996), 235-249. 

[14] P. W. Michor, D. Petz, A. Andai, On the curvature of a certain Riemannian 
space of matrices. Infinite Dimensional Anal. Quantmn Probab. Related 
Topics 3 (2000), 199-212. 

[15] E. A. Morozova, N. N. Cencov, Markov invariant geometry on state mani- 
folds, in Current problems in mathematics. Newest results (Russian), Akad 
Nauk SSSR. Vsesoyuz. Inst. Nauchn. i Tekhn. Inform. 36, Moscow (1989), 
69-102. 



17 



[16] D. Pctz, Covariance and Fisher information in quantum mechanics, J. 
Phys. A 35 (2002), 929-939. 

[17] D. Petz, Monotone metrics on matrix spaces, Linear Algebra Appl. 244 
(1996), 81-96. 

[18] D. Petz, Geometry of canonical correlation on the state space of a quantum 
system, J. Math. Phys. 35 (1994), 780-795. 

[19] D. Petz, Cs. Sudar, Geometries of quantum states, J. Math. Phys. 37 
(1996), 2662-2673. 

[20] C. R. Rao, Information and accuracy attainable in the estimation of sta- 
tistical parameters. Rev. BuU. Calcutta Math. Soc. 37 (1945), 89-91. 

[21] R. F. Streater, Glassical and quantum info-manifolds, Surikaisekikenkyiisho 
Kokyiiroku 1196 (2001), 32-51. 

[22] E. P. Wigner, M. M. Yanase, Information contents of distributions, Proc. 
Nat. Acad. Sci. U.S.A. 49 (1963), 910-918. 



18 



